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Abstract

In the present work, the problem of optimizing the shape and the spacing of the fins of a thermal dissipator cooled by a fluid in
laminar flow is studied. For a particular finned conduit, the velocity and temperature distributions on the transversal section are
determined with the help of a finite element model and a global heat transfer coefficient is calculated. A polynomial lateral profile is
proposed for the fins and the geometry is optimized in order to make the heat transfer coefficient as high as possible with the smallest
dimensions or the lowest hydraulic resistance to the flow. The optimum fin profile and spacing, obtained by means of a genetic
algorithm, are finally shown for different situations. Increases of 45% are obtained in the heat transfer coefficient referring to the
maximum values which can be obtained with rectangular fin profiles. © 1998 Elsevier Science Inc. All rights reserved.

Notation t; temperature of the ith node (K)
. Ty bulk temperature of the coolant (K)
Z 22 }t:zlsgehtth(irc?()ness (m) T. temperature of the coolant (K)
. coolant specific heat (J/kg K) Tr temperature of the finned plate (K)
P
d distance between the fin base and the opposite flat Tinax ma)i}mum ltemperat/ure of the cooled surface (K)
wall (m) y coolant velog (r?tsg ith node (m/s)
: . . . u; coolant velocity of the ith node (m/s
Z_ width of dtheizfpot.rtlon of conduit section (m) w; coolant volume flow rate of the ith node (m?3/s)
f'c 1013111fl-r\)x?ir(§th i)fetchleveﬁ?;ss(m) W total coolant volume flow rate (m?/s)
<Fv’ viscous force per unit of length (N/m) f} L%r;grg?n(z?eai)S?a?liglrzit?irgﬁiight (m)
Maik clements of the surface averaging matri.X (m?) . Vi coordinate of the ith node in the y direction (m)
Mk elements of the momentum transportation matrix Z’ coordinate orthogonal to fin height (m)
MHik lezrélzfl ;Seaotf tt?aen}slfi: a;t;ggfr;ﬁsggga(t\i;\)]?mr?aﬁr)ix z; coordinate of thegith node in theg z direction (m)
hy global heat transfer coefficient of a reference flat wall
conduit (W/m? K) Greek I
ke thermal conductivity of the coolant (W/m K) o« normalized height of the fins, a/d
ke thermal conductivity of the finned plate (W/m K) p normahzed thickness of the finned plate base, b/d
2 perimeter crossed by ¢ around the ith node (m) Y ratio of finned plate to coolant thermal conductivity,
n polynomial order ki /ke . . . . .
Nu, equivalent Nusselt number € n7rmallzed width of the portion of conduit section,
; d
)4 generalized pressure (N/m?) e . . .
g heat flux per unit of surface uniformly imposed on 4 normalized hydraulic resistance, defined by Eq. (30)
the flat side of the finned plate (W/m?) n normalized coordinate parallel to fin height, y/d
g, conductive heat flux which enters the ith node per s dynamic viscosity (Pa}s)
i unit of length (W/m) P coolant density (kg(m ) .
q. convective heat flux which leaves the ith node per G finned plate normalized average thickness, defined by
’ unit of length (W/m) Eq. 27) _ ,
R, Resultant of the pressure forces acting on the ith ¢ normalized half-width of the fins, f/d
i node per unit of length (N/m) ¢ normalized average half-width of the fins, defined by
R, Resultant of the viscous forces acting on the ith node Eq. (26) .
i per unit of length (N/m) ; fin profile describing parameters
v, polynomial coefficients
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1. Introduction

Finned dissipators are commonly used in many engineering
sectors, where high heat fluxes must be transferred. In new
applications, such as in the electronic industry (Bar-Cohen and
Kraus, 1990) or in the compact heat exchanger field (Kays and
London, 1984), the necessity of reducing the volume of ther-
mal dissipators has become even more important, in order to
remove high heat fluxes from very small components. Much
research has been carried out to increase the heat transfer ef-
fectiveness of heat dissipators, but the problem of optimizing
the profile and the spacing of the fins has not yet been com-
pletely solved.

A criterion for optimum longitudinal fin profile was pro-
posed by Schmidt (1926), who suggested the adoption of a
parabolic shape. Such a criterion was confirmed by Duffin
(1959) on the basis of a rigorous variational method. After-
wards, many authors contested Schmidt’s conclusion (Maday,
1974; Snider and Kraus, 1987), which was correct from the
point of view of the utilized model, but scarcely corresponding
to the real phenomenon characteristics. Since then many fin
profiles have been proposed, mainly parabolic or triangular,
but without giving a final solution to the optimization problem
and leaving doubts regarding the structural integrity of heat
removers with an excessively decreasing profile (Tsukamoto
and Seguchi, 1984). Recently, undulated fin profiles have been
proposed (Snider et al., 1990; Spiga and Fabbri, 1994; Fabbri
and Lorenzini, 1995) and a parabolic-undulated fin has been
demonstrated as having a noticeably improved effectiveness.

Most of the studies performed on the optimization of the
longitudinal fin profile consider a constant (Fabbri, 1997) or a
temperature variable (Chung and Iyer, 1993; Yeh, 1994) heat
transfer coefficient between the fin surface and the coolant
fluid, and neglect the variations of this coefficient which are
fluid dynamically related with the fin shape and spacing. When
finned dissipators are located in channels where a coolant fluid
passes through in laminar flow, such alterations are, on the
contrary, not negligible. In this work, we then study the
problem of optimizing heat transfer in a conduit composed of
a finned plate opposite to a flat insulated wall with a coolant in
laminar flow. Optimum fin spacing and lateral profile are
found by using a finite element model and a genetic algorithm
and taking into account variations in the local heat transfer
coefficient induced by fluid flow.

2. The finned conduit model

Let us consider a conduit composed of a finned plate and a
flat surface, which are infinitely long and wide (Fig. 1(a)). The
flat surface is thermally insulated, while heat flux ¢” flows
through the finned plate, being uniformly imposed on the flat
side opposite to the fins. A coolant in laminar flow passes
through the conduit parallel to the fins. All fins are identical
and have an axial symmetrical section in the plane which is
orthogonal to the fluid flow direction.

We can determine the heat transfer performance of the
system by studying a portion of it delimited by two symmetry
axes (Fig. 1(b)). Let us choose an orthogonal coordinate sys-
tem with the x axis parallel to the coolant flow and the y axis
orthogonal to the conduit surfaces. As shown in Fig. 1(a), let a
be the fin height and f'(y) an arbitrary function which describes
the lateral fin profile. Moreover, let b be the fin base thickness,
e the distance between the symmetry axes and d the distance
between the fin base and the flat surface.

Let us introduce the following idealizations to formulate
the problem:

o the system is in steady state,
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Fig. 1. Geometry of the heat removing system: (a) view of the finned
conduit, (b) portion of the transversal section subdivided in finite el-
ements, and (c) subdivision of an element in four sub-elements and
indices for Egs. (4) and (5).

velocity and temperature profiles are completely developed,
fluid and solid properties are uniform,
viscous dissipation within the fluid is negligible,
natural convection is negligible in regard to the forced con-
vection.
Under such conditions, the velocity vector u is parallel to
the x axis and is constant in the x direction. The coolant flow is
then described by the following equation:
2 2

Fu,u_ 1% (1)
0? 022 uox
where u is the dynamic viscosity and p the generalized pressure,
which includes the gravitation potential. Eq. (1) must be in-
tegrated by imposing boundary condition as follows: the ve-
locity is zero on the contact surface between the fluid and the
finned plate, and the partial derivative of the velocity in the
normal direction is zero on the symmetry axes.

Since the heat flux ¢” is uniform and the thermal profile is
fully developed, the temperatures of the fluid and of the solid
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linearly change with the x coordinate. The conductive heat flux
in the x direction is constant and can be neglected in an overall
energy balance. Therefore, the temperature distribution in the
coolant is described by the following equation:

0T, 0O°T. pcp oT. 2)
o2 02 o
where p is the den51ty, ¢, the specific heat and k. the thermal
conductivity of the coolant.

The temperature distribution in the finned plate is instead
described by Laplace equation:
FPT 0°T;
— +—=0. 3
o 2 3)

Egs. (2) and (3) must be integrated by imposing the following
boundary conditions: 7 is identical to 7; on the contact surface
between the coolant and the finned plate, and the heat flux in
the normal (to the surface) direction in the fluid is identical to
that in the solid on the same surface. Moreover, the heat flux in
the normal direction must be zero on the symmetry axes and
on the insulated wall; while it must be equal to ¢” on the flat
surface of the finned plate. Finally, the value of the tempera-
ture in one point of the section is needed.

The problem can be solved numerically, resorting for ex-
ample to a finite element method such as the following one. Let
us subdivide the conduit portion in an array of trapezoidal
elements by locating some nodes. An approximate example of
subdivision is shown in Fig. 1(b). A large grid has been drawn
in the figure for better comprehension. The elements of the
coolant which are near the longitudinal fin surface can be more
closely spaced in the z direction, since higher changes are ex-
pected in the velocity and temperature in the boundary region.
In the y direction, the elements should always be closely spaced
in order to follow the fin profile without excessive distortions.

In each element of the coolant, the velocity vector can be
approximated by an interpolation of the values u;, which it
assumes in the four nodes of the element (Fig. 1(c)):

Z Y= Vi ) Z- Z’f(l (4)

i) Zi — Zk(i )
where i, ¥, zi, z are node coordinates. The element can be
subdivided into four sub-elements by joining the middle points
of the opposite sides (as shown in Fig. 1(c)). On the subdi-
viding lines, the viscous force acting on the sub-elements per
unit of length of the conduit can be calculated in the following

way:
B szA )dz — f(yfy/(i))dﬂ w
“Z 0 = 20) (@ — 20 i o

The resultant of all the viscous forces, which act on the sub-
elements around a node can be written as

R/V,. = ,uzmMikuk: (6)
k

the & index being extended to the node i and to those which
surround it. The parameters my; depend on the coordinate of
these nodes and of those which delimit the sub-elements
around the node i. For the nodes on the symmetry axes, m
must be calculated by taking the boundary conditions into
account. Since the velocity profile is fully developed, the re-
sultant of the viscous forces must be balanced by the resultant
of the pressure forces:
, dp

Rpi = Si a, (7)
S; being the total transversal surface of all the sub-elements
around the node i. Letting R| be opposite to R, for all the
nodes, the following system is ‘obtained:

1dp
MM * U = L dx
having gathered in matrix My, the elements my;, in vector U
the velocities u; and in vector 4 the surfaces S;. Vector U can
now be partitioned by grouping all the known terms in the
subvector U; and the unknowns in U,. Matrix My, and vector
A must be consequently partitioned. From Eq. (8), the fol-
lowing one is then obtained:
;%Az MMZI * U1~ (9)
The velocity distribution in the portion of the conduit section
is determined after solving the system of Eq. (9).

In each element, the temperature can be approximated by
an interpolation of the temperature ¢ of the nodes with the
same form factors of Eq. (4). Due to the analogy between the
momentum transfer and heat transfer, the conductive heat flux
which enters the sub-elements around a node for a unitary
conduit length results as following:

qL, = kamHiktk + 14", (10)
k

A, (®)

My * Uy =

/; being the total perimeter of the subelements which is crossed
by ¢”. For the internal nodes of the coolant, parameters my;
are identical to myy. For the node of the finned plate, pa-
rameters my;; must be calculated taking the ratio y between the
thermal conductivity of the solid and that of the fluid into
account. Moreover, the convective heat flux in the longitudinal
direction is

oT.
de, = PWic = (11)
w; being the volume flow rate through the subelements around
the node i. The volume flow rate is zero for all internal nodes
of the finned plate. For other nodes, it can be calculated by
integrating Eq. (4) on the surface of the sub-elements around
each node. Then results

w; = ZmAikukA (12)
k

The partial derivative in the x direction of the temperature is
constant on the transversal section and can be written as a
function of ¢":
o,  q'e

X pwe,’

(13)

w; being the total volume flow rate through the conduit sec-
tion. The convective heat flux then results as

qlle
=— ) mayl. 14
szk: AikUk (14)

In steady state, the conductive heat flux which enters the sub-
elements in the transverse direction must be balanced by the
convective heat flux in the longitudinal direction. By letting g;_
be equal to g, for all the nodes, the following system is ob-
tained:

My+T =N, (15)
q/I e

N=—|—M, U-L 16
kc<w, y* ) (16)

having gathered parameters my; and ma; in matrices My and
My, respectively, the temperatures #; of all the nodes in vector
T and the perimeters /;, in vector L. Vector U has now been
extended to include the finned plate internal node velocities,
which are zero. Vector T can be partitioned by putting the
temperature of an arbitrary node (for example that with co-
ordinates (—b,e), in which the maximum of the temperature is
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expected) in the subvector 77 and the other temperatures in the
subvector 7. Matrix My and vector L must be consequently
partitioned. From Eq. (16), the following one is then obtained:

My % To = Ny — My * T1. (17)

The temperature distribution in the portion of the conduit
section is determined as a function of 7; after solution of
system of Eq. (17).

Letting the product of velocity and temperature be ap-
proximated in each element by an interpolation of the values
which it assumes in the nodes with the same form factors of
Eq. (4), the bulk temperature can be calculated as follows:

Tb = WL‘Z;mA,—;{uktk (18)

the index i being extended to all the nodes of the coolant.

Due to the linearity of the system, an arbitrary value can be
assigned to 7; in order to calculate the global heat transfer
coefficient of the finned conduit.

3. Dimensioning criteria

Most of the thermal power dissipation problems consist in
extracting as high a heat flux as possible from a surface by
keeping its temperature under a required value. The perfor-
mance of heat dissipators must then be evaluated paying
particular attention to the maximum drop between the tem-
perature of the surface which is cooled and the bulk temper-
ature of the coolant.

For the system described in the previous section, an ap-
propriate global heat transfer coefficient can be defined as
follows:

ql/
= 1

g T; max T; b ( 9)
Tmax being the maximum temperature on the surface which is
cooled, i.e., the surface on which ¢” is imposed. Temperatures
Tmax and Ty, must be calculated at the same value of the x co-
ordinate. Moreover, it is possible to define an equivalent Nu-
sselt number:

Nu, = h2d (20)

ke

which corresponds to the Nusselt number which would be
calculated if the same heat flux ¢” were dissipated through a
flat surface with a zero thickness at the distance d from the
insulated surface. Such an equivalent Nusselt number is a
function of the ratio y for the finned conduit. A criterion for
optimizing the dissipator dimensions and shape can then
consist in maximizing Nu.. In this way, at a given coordinate x,
for a given bulk temperature and an established distance d, the
finned conduit dissipates the maximum heat flux without ex-
ceeding the maximum temperature limit on the surface being
cooled.

In order to respect the temperature limit for an extended
length, moreover, it is expedient to let the bulk temperature
hardly increase with the x coordinate, that is obtained by in-
creasing the mass flow rate as much as possible. If the pressure
drop between the beginning and the end of the conduit is
constrained, the maximum mass flow rate is obtained in cor-
respondence with the lowest hydraulic resistance. It is then
useful to dimension the dissipator aiming to increase Nu, and
at the same time to keep the hydraulic resistance as low as
possible.

Therefore, when the pressure drop between the beginning
and the end of the conduit is constrained, a more valid di-
mensioning criterion is the following. The heat flux (¢”) dissi-

pated by the finned conduit can be compared with that (¢!
removed through a zero thickness flat wall of a reference
conduit with the same hydraulic resistance per unit of conduit
length and width under the same conditions. As an evaluation
parameter, the compared effectiveness of the finned conduit
can be defined as follows:
"
E.= q_,, = h£7
q; T

h; being the global heat transfer coefficient of the reference flat
wall conduit with the same hydraulic resistance. Since ¢/ is
uniformly imposed on a wall whose thickness is ideally zero, &,
is coincident with the coefficient of the convective heat transfer
between the wall and the fluid. Moreover, since the hydraulic
resistance per unit of surface of such a reference conduit is
equal to 12u/d* and its Nusselt number is equal to 5.385 (Shah
and London, 1974), coefficient 4, can be calculated as

(—dp/dx)e} "

B wy

(21)

h, =1.176 k. { (22)

In many heat transfer optimization problems, the dissipator
is required to have as small weight or volume as possible. It is
then interesting to determine the dimensions and the fin shape
which allow Nu, or E. to be maximized for a given volume of
the finned plate.

4. Finned plate optimization

The geometry of the finned plate is described by parameters
a, b, d, e and the profile function f(y). Normalizing all geo-
metrical parameters by d, we get the following dimensionless
variables:

_a , b e Sy
a_d7 ﬁ_da E_d7 ¢(’1)_ d ) ’V—d (23)
Let us assign a polynomial form to the profile function ¢:
ORI S (24)
i=0

Such a function is univocally determined by the values
which it assumes in correspondence with n + 1 values of 5. The
values of ¢ in n + 1 equidistant points on the # axis can then be
chosen as the fin profile describing parameters:

¢i=¢(£a> Vi=0,1,....,n. (25)

Changes in ¢, induces in ¢(n) variations of a more com-
parable entity than do changes in ;. For this reason, the first
ones are preferable as the fin profile describing parameters
instead of the latter ones. Moreover, the average half-width of
the fin ¢ and the average thickness of the finned plate & result:

$: ;lﬁz((ﬁlo_v._{ ¢n) (xi’ (26)

2é (27)
€

Parameter @ is representative of the volume and the weight of

the finned plate.

The heat transfer optimization problem consists now in
finding the combination of parameters «, f§, ¢ and ¢, which
allow the maximum Nu, or E, to be obtained. To this aim, the
following genetic algorithm (Queipo et al., 1994; Fabbri, 1997)
can be successfully used.

At the beginning of the algorithm, a population of pa-
rameter combinations is generated from a prototype combi-

T=f+
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nation. The parameters of the prototype are copied with ran-
dom mutations. For each combination of the initial popula-
tion, Nu, or E. is then calculated as an evaluation. Afterwards,
an established percentage of the combinations is selected on
the basis of the best evaluation. The parameters of the selected
combinations are then reproduced with random mutation in
order to generate a new population which is as numerous as
the initial one. The combinations of the new population are
valued and selected in the same manner as those of the pa-
rental population. The process is iterated until the evaluations
no longer improve.

If, after reproduction, some parameter is found to be neg-
ative or too small in regard to the structural integrity of the
finned plate, it can be resized to the smallest acceptable value.
Parameters ¢; must be resized together by considering the
minimum value ¢,;, which ¢(n) assumes for n between 0 and
o
(;bi:(ﬁmav(_M (d)max_(;bi) vi:0717"’7n (28)
=N ¢max - ¢min
¢, being the new parameter values, ¢,,, the maximum as-
sumed by ¢(5) and ¢, the minimum half-width of the fin which
is acceptable.

If the optimization problem consists in finding the param-
eter combination which presents the highest Nu, or £, keeping
the finned plate average thickness at an established value &,
parameters o, € and ¢; can be reproduced with random mu-
tations, while f§ must be calculated as follows:

B =75y — ?' (29)

In this way, f can result as being negative or too small. If
that occurs, ¢; can be resized or the parameter combination
can be rejected by assigning to it a null evaluation.

5. Results

The genetic algorithm described in the previous section has
been employed for different optimizations of the finned plate
geometry. In every case, populations of 20 samples and a se-
lection percentage equal to 20 were established. During pa-
rameter reproduction random errors were introduced, which
were uniformly distributed between —10% and +10%. The
genetic algorithm was stopped after 40 generations from that
time in which an improvement was no longer observed. As a
prototype a rectangular fin geometry with f§ equal to 1/6, €
equal to 1/3 and all ¢, equal to 1/6 was employed. Diverging
and converging trapezoid fin prototypes have also been tested
for the third and the fourth polynomial order profile optimi-
zation. However, no significant change has been observed in
the results, as a consequence of the adoption of such proto-
types. For the finite element model, a grid of 16x52 elements
(17x53 nodes) was employed. More closed grids have been
tested without finding any significant variation in Nu, or in E,.
In the testing cases, a grid of 20x52 elements produced alter-
ations in Nu, and E. of less than 0.1% and 0.2%, respectively,
and a grid of 16x65 elements caused changes of less than
0.05% and 0.1%, respectively. In the limit case of « equal to 0,
the velocity and the temperature distributions obtainable with
the model with the selected grid are in good agreement with the
analytical one-dimensional solution and the numerical error
on Nu, and E. is equal to 0.21%.

Firstly, aiming to maximize the equivalent Nusselt number,
some preliminary trials have been carried out by choosing n
equal to 0 and leaving all the other parameters free to change.
As it was intuitively expected, the algorithm tried to extend the
normalized fin height o as much as possible in order to create

separated narrow rectangular channels. Aiming to allow a
more uniform distribution of the coolant in the conduit, in the
subsequent optimizations, « has been constrained to be less
than established values. As a consequence of such a limitation,
at the end of the algorithm, « has always resulted as being
equal to the constraint value.

In Fig. 2, some finned plate geometries obtained with the
genetic algorithm by maximizing Nu, are shown for » ranging
from 0 to 4. Parameter y has been chosen equal to 300 and «
constrained to 0.5 and 0.75. The value chosen for y corre-
sponds to the case of a finned plate made of copper and cooled
by water. The describing parameters of the optimum geome-
tries are reported in Table 1 together with the equivalent
Nusselt number, the compared effectiveness, the finned plate
average thickness and the normalized hydraulic resistance:
t= (—dp/dx) 12_:“ (30)

(wi/e) &’
which indicates how many times the hydraulic resistance per
unit of length and width of the conduit increases due to the
presence of the fins. In Table 1, as well as in Table 2, param-
eters on the left of the vertical line have been imposed, while
those on the right have been found by the genetic optimization
algorithm.

The equivalent Nusselt number of the ten geometries of
Fig. 2 varies between 14.44 and 87.82 (see Fig. 2 or Table 1).
The power removed by the optimized dissipator systems is
from 2.7 (= 14.44/5.385) up to 16.3 (=87.82/5.385) times the
heat flux which can be transferred through a flat surface
(Nu=15.385; Shah and London, 1974) at the same distance
from the insulated conduit wall such as the fin base. Such
improvements depend on the extension of the heat transfer
surface and mainly on the alteration of the flow induced by the
fins. Considerable differences can be observed between the
Nusselt number of the optimum geometry of a polynomial
order and that of the optimum geometry whose order is one
unit less. The biggest relative differences are between the Nu-
sselt number of the optimum first order and zero order ge-
ometry, and between the Nusselt number of the optimum
second order and first order geometry. This is true both for o
equal to 0.5 and 0.75.

The optimum geometries are based on a compromise be-
tween two exigences. The first consists in having, in the cavities
between the fins, velocities which are comparable with those at
the fin tip or higher. High velocities near the fin tip would in
fact cause high thermal gradients in this region, which would
lower the bulk temperature without enhancing the heat
transfer from the plate base and the lateral surface of the fin.
The second exigence consists in maintaining the maximum
velocity as close to the dissipator surface as possible, in order
to relatively increase the thermal gradient. As a consequence of
the first exigence, fins cannot be too closely spaced, for the
second one they cannot be too sparse.

Due to this compromise, the optimum fins with « equal to
0.5 are spaced far apart compared to those with « equal to
0.75. Moreover, in both cases, the fin spacing 2e changes with
the polynomial order in a nontrivial way due to the complex
alterations in the velocity distribution. The plate base thickness
f changes consecutively.

The velocity and temperature distributions for the optimum
finned plate geometries obtained by maximizing Nu, are
shown in Figs. 3 and 4 for n equal to 0, 2 and 4 and « equal to
0.75. Tt is evident that the higher order optimum profiles force
the maximum velocity to occur in the space between the fins
and induce higher thermal gradients near the finned plate base
and the fin lateral surface. The density of isothermal lines in-
dicates that the local convective heat transfer coefficient
changes along the fin surface and depends on the fin profile.
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Fig. 2. Finned conduit geometries obtained by maximizing Nu. when 7y is equal to 300 and « is equal to 0.5 and 0.75.

This demonstrates that a mathematical model which considers
a constant convective heat transfer coefficient cannot be cor-
rectly employed to find the optimum fin profile under the
conditions of the present analysis.

In order to compare the performances of the optimum fin
profiles of Fig. 2 to those of classical profiles, decreasing tri-
angular and parabolic optimum profiles (Snider and Kraus,

1987) have been investigated under the same conditions. These
profiles have been reproduced by letting n be equal to 1 or 2
and by constraining the first derivative of ¢(r), in the genetic
algorithm, to be negative. For parabolic profiles, the second
derivative of ¢(57) has also been constrained to be positive. As
a result of these constraints, the optimization algorithm gave
fin profiles which approximate the rectangular ones of Fig. 2
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Table 1
Characteristic parameters of the finned plate geometries obtained by maximizing Nu,
b o n a B € 2 ¢, 2 }q Nu, E. ¢ (Fig.)
300 0.5 0 0.274 0.153 0.307 0.074 - - - - 14.44 1.691 3984  (2)
300 0.5 1 0.448 0.272 0.525 0.026 0.344 - - - 15.99 1.739 4976 (2)
300 0.5 2 0.397 0.264 0.633 0.231 0.067 0.516 - - 18.78 2.021 5.139  (2)
300 0.5 3 0.301 0.195 0.556 0.083 0.063 0.078 0.436 - 19.26 2.103 4922  (2)
300 0.5 4 0.377 0.294 0.576 0.115 0.058 0.052 0.066 0.462 19.79 2.153 4977 (2
300 075 0 0.305 0.097 0.19 0.053 - - - - 60.13 4.406 16.29 2)
300 0.75 1 0.391 0.118 0.224 0.026 0.138 - - - 71.64 4.857 20.55 2)
300 075 2 0.325 0.095 0.186 0.082 0.03 0.14 - - 81.77 5.538 20.61 ?2)
300 075 3 0.296 0.083 0.181 0.045 0.041 0.031 0.151 - 83.82 5.642 21 ?2)
300 075 4 0.288 0.083 0.185 0.089 0.041 0.049 0.025 0.18 87.82 5.937 20.72 ?2)
30 075 2 0.45 0.067 0.263 0.187 0.093 0.245 - - 35.87 2.276 25.08 %)
30 0.75 4 0.439 0.067 0.267 0.218 0.106 0.117 0.118 0.258 36.45 2.32 24.84 5)
300 075 4 0.2 0.013 0.175 0.073 0.032 0.041 0.024 0.149 83.8 5.677 20.59 6)
300 075 4 0.1 0.006 0.194 0.055 0.017 0.021 0.011 0.102 58.44 4.693 12.37 (6)
Table 2
Characteristic parameters of the finned plate geometries obtained by maximizing E,
b o n 4 B € $o ¢, ¢ ¢3 b4 Nu, E. 4 (Fig.)
300 0.5 0 0.235 0.159 0.345 0.052 - - - - 13.86 1.76 3133 (-)
300 0.5 1 0.314 0.206 0.419 0.021 0.159 - - - 15.14 1.826 3.646 (-)
300 0.5 2 0.34 0.229 0.545 0.181 0.045 0.365 — - 18.23 2.072 4357 (-)
300 0.5 3 0.344 0.247 0.577 0.088 0.063 0.069 0.415 - 18.92 2.132 4476 (-)
300 0.5 4 0.322 0.236 0.559 0.131 0.059 0.053 0.079 0.397 19.02 2.161 4365 (-)
300 0.75 0 0.263 0.103 0.208 0.044 - - - - 57.09 4.618 12.1 (-)
300 0.75 1 0.345 0.117 0.232 0.027 0.114 - - - 68.47 5.072 1575 ()
300 0.75 2 0.292 0.09 0.202 0.081 0.03 0.127 - - 78.85 5.731 16.67  (-)
300 0.75 3 0.281 0.097 0.197 0.048 0.038 0.03 0.137 - 80.62 5.843 1682  (-)
300 0.75 4 0.259 0.08 0.195 0.099 0.037 0.042 0.023 0.153 85.13 6.114 1729  (-)
30 0.75 2 0.404 0.086 0.284 0.181 0.082 0.211 - - 33.48 2.407 1723 (%)
30 0.75 4 0.381 0.071 0.282 0.225 0.098 0.095 0.094 0.239 34.16 2.443 17.5 (5)
300 0.75 4 0.2 0.014 0.202 0.105 0.035 0.041 0.022 0.149 79.21 5.869 1575 (6)
300 0.75 4 0.1 0.009 0.208 0.049 0.021 0.024 0.011 0.102 56.79 4.735 11.05  (6)

(i.e, with derivatives of ¢(17) which are nearly zero). Moreover,
by constraining the fin thickness at the fin tip to a low value
(¢(x) = 0.01), thin triangular and parabolic profiles have been
found. Performances of the two kinds of profiles are almost
identical. Nu, is about 13.5 when « is equal to 0.50, and about
51 when « is equal to 0.75. Therefore, for fins cooled by a
laminar flow under the considered conditions, decreasing tri-
angular and parabolic profiles do not perform better than
rectangular profiles. This occurs because decreasing triangular
and parabolic profiles force the maximum velocity to be near
the insulated wall. As a consequence, the highest thermal
gradients in the fluid are near the fin tip, where the heat
transfer surface is very small.

The increase in the equivalent Nusselt number of the ten
geometries of Fig. 2 is accompanied by an increase in the
hydraulic resistance. Parameter { varies in fact between 3.98
and 20.72, as found from Table 1. Nevertheless, the com-
pared effectiveness reaches values which are noticeably high.
A finned plate with a polynomial profile of the fourth order
and o equal to 0.75 presents a compared effectiveness equal to
5.937. It means that for a given hydraulic resistance, a con-
duit of such a geometry is able to remove, under the same
condition, a thermal flux which is nearly six times greater
than that which could be dissipated by a flat wall channel.
Moreover, it is interesting to observe that { does not change

monotonically with the polynomial order. On the contrary,
E. (as Nu, obviously does) increases with the polynomial
order.

In Table 2, the characteristic parameters of the optimum
geometries obtained with the genetic algorithm by maximizing
E. under the same conditions of Fig. 2 are reported. The lat-
eral profile and the thickness of the fins do not differ very much
from those obtained by optimizing the equivalent Nusselt
number. When o is equal to 0.75, fins which optimize E. are
more largely spaced than those which optimize Nu,, while that
occurs only in two cases when « is equal to 0.5. The compared
effectiveness values obtained by maximizing such a parameter
are not much higher than those which have previously been
found and the equivalent Nusselt numbers are not much lower.
Therefore, the geometries shown in Fig. 2 come close to re-
moving a given heat flux with both the lowest distance between
the conduit walls and the lowest hydraulic resistance under the
considered conditions.

In Fig. 5, some optimum geometries obtained with the ge-
netic algorithm by maximizing Nu, and E. are shown for n
equal to 2 and 4. In these cases, y is considered as 30 and «
constrained to 0.75. The characteristic parameters of such
geometries are reported in Tables 1 and 2. It is evident that
when y is a magnitude order lower than in the previous cases,
the improvements in the heat transfer due to the introduction
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Fig. 3. Velocity distributions in the transversal section of the geometries of Fig. 2 with « equal to 0.75 and n equal 0, 2 and 4. Curves are drawn every
10% of the maximum velocity.
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Fig. 4. Temperature distributions in the transversal section of the geometries of Fig. 2 with « equal to 0.75 and n equal 0, 2 and 4. Curves are drawn
in the fluid every 5% of the difference between the maximum and minimum temperature and in the solid every 0.5%.
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Fig. 5. Finned conduit geometries obtained by maximizing Nu, and E. when 7 is equal to 30, « is equal to 0.75 and 7 is equal to 2 and 4.

of the fins are smaller and cannot be significantly enhanced by
increasing the polynomial order.

In Fig. 6, the optimum geometries obtained with the genetic
algorithm by imposing a constraint value for the finned plate
average thickness are shown. In these cases, n is equal to 4, y is
equal to 300 and « is constrained to 0.75. Since the optimum
fourth order geometry shown in Fig. 2 for o equal to 0.75 has
an average thickness near to 0.28, @ has been constrained to 0.2
and 0.1. The characteristic parameters of the optimum geom-
etries of Fig. 6 are reported in Tables 1 and 2. When & is made
to be equal to 0.2, the heat transfer performances of the op-
timum geometries are not much worse. The geometries which
optimize E. maintain describing parameters which are very
similar to those of the unconstrained corresponding one, with
the exception of . When @ is instead made to be equal to 0.1
the performances become noticeably worse. Parameter f is
reduced to very low values.

6. Discussion

The presented optimum geometries demonstrate that it is
possible to noticeably increase the heat transfer effectiveness of
the plate by assigning a polynomial lateral profile to the fins
when the ratio between the thermal conductivity of the solid
and the fluid is sufficiently high, as in the case of an aluminium
plate cooled by water. A fourth order polynomial profile in
optimally spaced fins with a height equal to 0.75 times the
channel height provides an increase of 45% in the global heat
transfer coefficient referring to the maximum value which can
be obtained with a rectangular fin profile (which has been
demonstrated as performing better than triangular and para-
bolic profiles under the considered conditions). Moreover, the
heat transfer improvements which are obtainable with a fourth

order polynomial profile are not affected that much by little
reductions in the finned plate volume, when the thermal con-
ductivity ratio is high. A reduction of 30% from the optimum
unconstrained volume causes, in fact, a worsening of less than
5% in the global heat transfer coefficient. On the contrary,
when the ratio between the thermal conductivities is a mag-
nitude order lower, the improvements in the heat transfer due
to the adoption of a polynomial profile are more limited and a
fourth order profile does not perform much better than a
second order one. Nevertheless, the presence of the fins in the
channel still enhances the heat transfer, also in respect to a flat
wall conduit of the same hydraulic resistance.

The temperature distributions which have been shown
demonstrate that, under the considered conditions, the local
convective heat transfer coefficient considerably changes along
the fin surface and depends on the fin profile. Nevertheless, the
obtained results partially confirm the predictions of theoretical
analyses carried out by assigning a constant value to the local
convective heat transfer coefficient. In particular, in the present
analysis, the best fin performances have been observed in
correspondence with wavy fin profiles. Such a result is in ac-
cordance with the predictions of Maday (1974), Snider and
Kraus (1987), Snider et al. (1990), Fabbri and Lorenzini
(1995), Fabbri (1997). On the other hand, the wavy profiles
found in the present analysis are flatter in the middle of the fin
than the optimum polynomial fin profiles which we had found
with a genetic algorithm by assigning a constant value to the
convective heat transfer coefficient (Fabbri, 1997). Moreover,
the quasi-linear relationship between the optimum fin effec-
tiveness and the fin profile polynomial order observed in our
previous work has not been confirmed under the conditions of
the present analysis. By increasing the polynomial order », in
fact, under the conditions considered in this work, the incre-
mental improvements in the heat transfer of the optimum fin
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Fig. 6. Finned conduit geometries obtained by maximizing Nu, and E. when y is equal to 300, o is equal to 0.75, n is equal to 2 and 4 and the

dissipator volume is constrained.

profiles are greater when n is low (n =0, n = 1) and tend to
reduce when n is greater.

The idealizations which have been introduced in the
mathematical model utilized in the genetic algorithm limit the
practical validity of the present analysis. In particular, the
optimum geometries which have been found are convenient for
sufficiently long conduits, whose entrance length is short in
respect to the total length. Moreover, the idealization of uni-
form fluid properties can introduce some errors in the solution
of the problem of optimizing the fin spacing and shape. This
occurs when viscosity and thermal conductivity are strongly
sensitive to temperature changes. If viscosity decreases with
temperature, in fact, velocity becomes relatively higher near
the fins than in the case in which viscosity is constant. As a
result, the convective heat transfer coefficient increases and the
improvements in the heat transfer which can be obtained by
optimizing the fin profile (Fabbri, 1997) are reduced. A similar
effect produces the dependence of thermal conductivity on
temperature. In the studied cases, temperature varies much
more in the fluid than in the solid. Therefore, the dependence
of thermal conductivity on temperature in the solid does not
noticeably affect the the fin effectiveness (Huang and Shah,
1992). On the contrary, such a dependence in the fluid can
influence the optimization of the finned plate geometry. If
thermal conductivity in the fluid increases with the tempera-
ture, thermal gradients decrease near the fins and increase in
the cooler region. As a result, since the transferred conductive
heat flux is greater near the fin, the temperature distribution
becomes more uniform and less sensitive to alterations in the
fin shape.

Therefore, a more rigorous solution to the problem of op-
timizing the heat transfer through a finned plate cooled by a

laminar flow could be obtained by considering temperature
dependent parameters. For the case in which longitudinal
conduction hardly influences the heat transfer, the proposed
mathematical model could still be utilized by solving systems
of Eqgs. (9) and (17) iteratively. The same optimization algo-
rithm could probably be successfully employed.

7. Conclusions

An optimization algorithm is proposed for fin profile and
spacing to maximize with some constraints the heat flux re-
moved through a finned plate cooled in laminar flow. In par-
ticular, for given fin relative height and dissipator volume, the
algorithm can find the finned plate geometries which maximize
the heat flux dissipated with the lowest distance between the
conduit walls or with the lowest hydraulic resistance. The
mathematical model utilized in the optimization algorithm
takes into account changes which are induced by the alteration
of the fin spacing and profile in the convective heat flux leaving
the fin surface. The heat transfer problem is simultaneously
solved in the solid and in the fluid. Therefore, no convective
heat transfer coefficient is explicitly considered for the solid
surface in contact with the fluid, and no hypothesis on this
parameter is directly introduced.
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